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An analytical solution for the transport equation is  presented for the case of coupled energy 
and multicomponent mass transfer in an ensemble of spherical drops, bubbles or solid particles. 
The solution is used to evaluate the total interfacial transfer rates in a population with 
particle size and residence time distributions. Using matrix notation and appropriate trans- 
formations, the partial differential equations are solved for each phase by using an integral 
operator whose kernel is the residence time distribution for the flow system. The method of 
attack is illustrated by solving the transport equations for fine dispersions or suspensions 
with high hold-up values and presence of adventitious surface active agents. 

Studies on mass transfer to or from drops, bubbles, or 
solid particles in continuous media have primarily been 
limited to studies of isothermal, uncoupled transfer mech- 
anism for a single particle in a binary system. To achieve 
a useful analysis the assumption is commonly made that 
the particles have uniform size and residence time distri- 
hutions. This permits calculation of the total interfacial 
area, and the total transfer rate based on the average size 
and the average residence time. However, it is well known 
that in actual practice the particle size as well as the 
residence time distributions are not uniform and the as- 
sumption of uniformity may lead to error. 

In many practical cases one must also consider the 
simultaneous transfer of heat and mass in a multicom- 
ponent, multiphase system where coupling effects among 
the various fluxes involved may take place. Hence it is 
the aim of this study to generalize previous works in un- 
coupled transport in binary systems (1 ,  7 to 9, 15)  to 
cases that involve coupled heat and multicomponent mass 
transfer in continuous flow dispersed systems with non- 
uniform particle size and residence time distributions. 

M E C H A N I S M  OF INTERFACIAL TRANSPORT 

Transfer is considered in a multiphase system that con- 
tains a large number of spherical particles (that is, drops, 
bubbles, or solid particles). In the case of dispersions of 
two immiscible fluid phases a continuous breakup and 
coalescence of drops and bubbles may take place. How- 
ever, under constant operating conditions, a dynamic equi- 
librium is ultimately established between breakage and 
coalescence rates and a time invariant spectrum of par- 
ticle size results. This time invariant size distribution may 
be described by a normalized particle size distribution, 
f ( a ) ,  as described in previous works (7, 10, 1 5 ) .  The 
description of the extremely complicated mechanisms of 
breakage and coalescence themselves lies outside the 
scope of the present formulation. Thus we assume that 
the direct effect of coalescence and breakage on the trans- 
fer mechanism is negIigibIe and indirect effects are re- 
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flected by changes in the particle size distribution under 
different operating conditions. This can be done by ex- 
pressing the size distribution in terms of the average size 
of the population and following its variations as a function 
of the Weber number (10). Some other indirect effects 
of coalescence and breakage will be encountered in the 
following formulation by expressing the residence time 
distribution in terms of the average residence time whose 
functional dependence on the operating conditions is as- 
sumed to be known experimentally. 

The following formulation is given for an unsteady 
state simultanous (coupled) heat and mass transfer in 
an n-component particulate system. The proposed method 
can be adopted also for multicomponent mass transfer in 
reacting systems (16). 

The appropriate partial differential equations for multi- 
component coupled mass and heat transport for each 
phase, la, can be written in the compact matrix form 
(10): 

Dl" 
VGff = Dt 

where D/Dt  is the substantial time derivative and pa is 
an n-dimensional state vector of material quantities trans- 
ported; 

Here (. . .) denotes the transposed n-dimensional vector 
with components C1, C2,. . . Cn-l, T,. Cia is the concen- 
tration of the ith component in phase ru and Ta the tem- 
perature in phase OL at the point in question. The super- 
script 1 0 ~  refers to the phase, namely, D (dispersed phase), 
C (continuous phase). &&a is a nonsymmetrical n-dimen- 
sional square matrix of the transport coefficients: 

which are assumed constant for the range of operating 
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conditions prevailing in the system considered. The quan- 
tities off the main diagonal are the coupling coefficients 
among the various fluxes involved (10). 

Recalling that any asymmetric matrix with distinct 
eigenvalues can be diagonalized by a similarity trans- 
formation (12), one can decouple Equation (1) by the 
transformation 

aff = [Ma]-' A" Mff (4) 
where Mff is the modal matrix and A is the diagonal 
matrix of the eigenvalues, diagonal (Xal, Xff2, . . . han-], 
X " T ) .  

Application of transformation (4) to (l), yields (10) : 

D 
Dt 

A a V 2  (Mag") =- (Maga) (5) 

In the case of a nonisothermal binary system, for ex- 
ample, Equation (3 )  is reduced to 

whose eigenvalues are 

XoL1,2 = - { (mffcc -t W ~ T T )  
1 
2 

k ( UJacc - OffTT) + 4 UUcT ' W"TC} (5b )  

It follows from the second law of thermodynamics, 
Onsager relations and stability conditions (3 ,  l o ) ,  that 
Aa1,2 are real and non-negative, where we have also used 
the fact that wacC . W ~ T T  1 o a c ~  * w a ~ c  (3 ,  1 1 ) .  This as- 
sures the existence of real analytical solutions in the sub- 
sequent development of the problem. 

To solve Equations (5) one can generate the expected 

values <g"(r")> of the vector <F"(t)> over the kernel 

K u ( ~ f f ,  t )  by using the integral operators 

A 

A 

which have been introduced recently in a general theory 
for transport dynamics in particulate systems (10). The 
application of the integral operators, Equation (6) to the 
decoupled Equations ( 5) yields ordinary differential 
equations. These can then be solved with appropriate 
initial and boundary conditions to give the expected con- 
centrations and temperatures as functions of the space 
coordiuates. The advantage of this method is that the 

kernel K * ( T ~ ,  t )  can be chosen to be the residence time 
distribution function for the particles as well as for the 

continuous phase. ra  can be interpreted as a parameter 
of the residence time distribution in phase a. Since the 
inverse transformation becomes an unnecessary procedure, 
the proposed method removes a considerable mathemati- 
cal difficulty in obtaining analytical solutions for coupled 
heat and multicomponent mass transfers in particulate 
sys tems. 

For a perfectly mixed dispersion or suspension one can 
choose the kernel 

A 

A 

I\ 

exp (- t/T") 
A 

K " ( P ,  t )  = 
A 
T f f  

For any real system the modified kernel 

(7)  

A exp ( -sa t )  
K" (P) 7)ff, €", t )  = S" = 7)"/rff 

A 
T*a 

A A  A A 
S" = T " / T ~ ;  re = TO exp [- f E ~ / T ~ ]  ( 8 )  

has been proposed (10) to replace Equation (7). Here 
7 is a measure of the efficiency of mixing and E a measure 
of the phase shift in the system as reported by Wolf and 

Resnick (6). Normalization gives €71 = T = In 7. 
By multiplying Equation ( 5 )  by the kernel (7) or (8) 

and integrating over the entire spectrum of the residence 
time distributions one obtains 

R V 2 (  Ma < pff >) = (V" * V) (M < Fa > ) 

A 

ax" 
+ J" exp!72t) M"-dt (9) 

.. 
0 T*" at 

To solve Equations (9) one should know the functional 
form of V" - a quantity which is very difficult to evalu- 
ate by experimental or theoretical methods. Nevertheless, 
it is possible to estimate the relative contribution of the 
convective term by employing a simplified model. If the 
concentrations, tem eratures, and shear flow stresses 

many particles are superimposed, the resulting profiles 
must exhibit an extremum value at a point between any 
two adjacent particles. In dispersions, emulsions, suspen- 
sions, etc., where a large number of spherical particles 
are present, a particle chosen at  random can be expected 
(statistically) to be surrounded by a spherically sym- 
metric cluster of particles. If the radius of such a spherical 
"cloud" is P,  then one can approximate the locus of points 
at which the resultant profiles exhibit an extremum, by a 
spherical surface of radius b = P / 2  (that is, all the pro- 
files exhibit an extremum value at  points midway between 
adjacent particles). Apparently, this assumption does not 

prevent each element of the vector <ga(p)> to exhibit 
different values on the surface midway between adjacent 
particles. This assumption is expected to be a good ap- 
proximation, especially in the case of evenly distributed 
particles (that is, when the local dispersed phase holdup 
fraction is the same everywhere in the system and is 
equal to the overall dispersed phase holdup fraction, @) . 
Hence, each surface with extremum conditions effectively 
isolates each particle. The result is a cell model which 
has been used successfully by Happel (17)  in his "free 
surface model" for the prediction of the terminal velocity 
of an ensemble of spherical solid particles. The cell model 
has also been used (1, 7 ,  8) in predicting mass and heat 
transfer in dispersions as well as in a recent generalization 
( 2 )  of Levich's work (13)  (on the velocity of a single 
drop) to that of an ensemble of drops moving in the 
presence of surfactants. The result of this study by Gal-Or 
and Waslo ( 2 )  for the free surface cell model is 

around any two a B jacent particles in an ensemble of 

A 

) 9 9 
3pC( 1 - W 3 )  ( 1 - @5/3) + ( K  + p D )  3 '- - a 1 1 3  + - @5/3 - 3 @ 

( 2  2 
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Here K = l /a r0/k * a d a r  is the retardation coeffi- 
cient due to the presence of surfactants. When cp 3 0, 
Equation (10) reduces to Levich's solution (13)  for a 
single drop (or bubble). When @ * 0, K + 0 Equation 
(10) is reduced to the celebrated Hadamard solution 
(14). When ( K  + J.") 00 one gets Happel's solution 
(1 7) for an ensemble of solid particles (which has been 
verified experimentally). Finally, when ( K  + p D )  3 00 

and cp + 0, one obtains Stokes solution for a single solid 
particle. Hence Equation (10) can be considered as a 
generalization for all the aforementioned solutions. 

Now, it is a well known fact that dispersions and emul- 
sions with fluids having clean interfaces are relatively rare 
in actual practice. Many unsuspected impurities in a sys- 
tem can be surface-active agents and even the equipment 
itself can supply enough impurities to make a considerable 
change in the experimental results. The transfer coefficients 
may be reduced to a small fraction (5, 19) in the presence 
of minute amounts of surfactants. Both Equations (10) 
and Levich's solution (13)  show that as the drop or bub- 
ble diameter decreases, the quantity of surfactants neces- 
sary to make a drop or bubble behave like a solid par- 
ticle, becomes smaller. Thus the velocity of drops or 
bubbles is decreased in the presence of traces of surfac- 
tant. Under these conditions we define a domain where 
most industrial dispersions or emulsions (small and 
medium size particles in liquid-liquid or gas-liquid sys- 
tems) behave essentially as a dispersion of so-called 
"solid" particles (that is, according to Equation ( lo) ,  
when K + 00 all internal circulation stops). For high @ 
values, Equation (10) predicts that the particle in Stokes 
velocity (which is already very small for relatively fine 
dispersions and emulsions) should be further reduced to a 
negligible value due to hindering effects of the neighbor 
particles (for CJ = 0.5, for example, the resulting Stokes 
velocity should be multiplied by the factor 1/38). Hence, 
in the domain of high @ values and relatively fine disper- 
sions or emulsions in actual practice, where surfactants are 
present, we assume that the particles are completely en- 
trained by the continuous phase eddies resulting in a neg- 
ligible effect of the convective term in Equation (9) .  Evi- 
dently this assumption does not preclude the possibility of 
finite relative velocities among the eddies themselves.' In 
any case, the solution of Equation (9)  without the convec- 
tive term provides the designer with the lowest bound 
of the transfer rates to be expected in a given particulate 
system. This conclusion is also in good agreement with 
various experimental studies (19 to 21) which show that 
the mass transfer coefficient in agitated dispersions is un- 
affected by the turbulence intensity. 

INITIAL AND BOUNDARY CONDITIONS 

For a continuous input-output system under constant 
operating conditions the initial conditions xoa are 

P o  = (CalO, ca20, . . . , can-1,0 Tao) (11) 

which are the concentrations and temperatures of the feed 
stream of phase a. 

After integration by parts and use of Equation (11) and 
under the aforementioned domain of high cp values, pres- 
ence of surfactants and fine dispersions or suspensions, 
Equation (9)  becomes 

* Numerical solutions of the nonlinear differential Equation ( 9 ) 
with the convective term will be reported in due time. 

A 
T , ~ R ~ V ~ ~ ; "  = - gao (12) 

( 13) 

(14) 

where the transformations 

p= M" < ga> 
q a  - M a  a 

0 -  t o  

have been also introduced. Due to the spherically sym- 
metric 5" field, Equation (12) can be rewritten in spheri- 
cal coordinates as 

d2 
( r ' S a ) - [ ~ " I 2  (r 'G") = -[pal2 r To" (15) 

where 

pa = diag. (file, pf, . . . , ha) (16) 

= (;*aha) -1/2 (17) 
By using the spherically symmetric cell model, whose 

outer radius b is given by 

b = a ~ ~ - 1 1 3  (18) 

(19) 

one can formulate the following boundary conditions for 
t k 0 :  

r = 0, GD is finite 

Equation (19) is the requirement that at the center of 
the particle, the concentrations and the temperature must 
be finite. Equation (20) follows from the discussion of the 
extremum condition in the aforementioned domain and the 
transformation ( 13). Apparently condition (20) does not 
prevent each element of the vector <xa> to exhibit differ- 
ent values at b. The interactions among the profiles at  b 
take place as a function of, a, and cp since b is a yardstick 
for the average distance between adajcent particles. Con- 
sequently, for the same fractional holdup there are more 
particles per unit volume as the particle size decreases, 
causing b to decrease and result in more and more inter- 
action between adjacent particles ( 7 ) .  This is one type of 
interaction that is taken into account in this formulation. 

Equation (21) refers to the interfacial concentrations 
and the temperature in both phases which are related 
through the equilibrium partition coefficients, mi. Hence 

3 c  = mfD (23) 

(24) 

where 

m = diag. (ml, *a2,. . . m,,-~, 1) 

Here mi are assumed to be constant (that is, averaged over 
the interfacial temperatures prevailing in the system con- 
sidered), Combining Equation (23) with ( 13) yields 

U = [MC]m[MD]-l (25) 

which completes the definition of boundary condition (21). 
Finally, the boundary condition (22) refers to the con- 

tinuity of the flux J = -- rzLa a t a / &  at the interface. 
The ordinary differential Equation (15) can now be 

solved by employing the boundary conditions (19) to 
(22), to generate the expected value of ? ( r )  (see Ap- 
pendix) : 
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< t D ( r ) >  = goD + (+) [MD]-' TD(r) 

{ [QC] -1 Q D  - [TC]-lUTD ( T) }-l[T] -lMC (mgoD - goc) 
(26) 

< p c ( r ) >  = Poc + (f) [MC]-'TC(r) 

{I, - [TC]-lUTDIQD]-lQC}-l[TC]-lM(mgoD -goc )  
(27) 

where: 

Ta(r)  = diag. ( T l a ( r ) ,  T f ( r ) ,  . . . ,Tna(r ) )  (28) 

T i C ( r )  = f i C b ~ ~ ~ h { p ~ C ( r - b ) }  + s i n h { p f ( ~ - b ) }  (29) 

TiD ( r )  = sinh (&%) 

Ra = diag. (Ria, Rf, , . , , Rna) 
(30) 

(31) 
RiC = [ ( p i C ) 2 u b -  I]sinh{fic(a-b)} 

+ ~ ' ( U - ~ ) C O S ~ { L L ~ ~ ( U - ~ ) }  (32) 

RiD = f iDa cosh ( f iDa)  - sinh ( piDa) 

Q" == [Ma] -1 AaR" 
(33) 

(34) 
I, = n-dimensional identity matrix. 

The expected value of the interfacial flux is 

where - a<g.> is found from Equation (26) or (27).  

Hence, by using Equation (35) one obtains 

ar 

1 
a 

<J(a)> = -- {Yc(a) - mYD(a)}-l(m~oD-~oC) 
(36) 

where 

Y*(u) = [Ma]-l{T"(~) [Ra(~)]-'A"}[Ma] (37) 

The total interfacial transfer rate in the whole dispersed 
system, W is found by summing the interfacial transfer rate 
over the entire population of the particles, taking into ac- 
count the variation in their sizes. Thus one obtains (7, 10) 

- mu,3 
3 

where V is the total volume of the dispersed system and 
a, is the mean volume radius of the particles, defined by 

1/3 

a, = s," a3f(a)da (39) 

By substituting the expression for the expected inter- 
facial flux (36), in (38) one finally obtains the required 
general solution for total average transfer rates in noniso- 
thermal multicomponent particulate systems with residence 
time and size distributions: 

w = -J {YC(~) -mYD(a)}-l(goc- m ~ o D ) f ( a ) a ~ u  
3mv O0 

A 

a$ (40) 

Equation (40) is useful for the design of particulate 
systems when the diffusivities, partition coefficients, feed 
stream conditions, dispersed-system volume, dispersed- 

phase holdup, average residence times, residence time dis- 
tributions, average particle size, and size distributions are 
known. When the size distribution is not known, but the 
Sauter mean radius of the population is known, (40) can 
be approximated by 

@3V 
W w -  {YC(a3d -mYD(a3~)}-l(poc-mloD) (41) 

A 
a32 

where W represents the n-dimensional column vector of 
the total interfacial transfer rate of each component 
( i  = 1 , 2 , .  . , n - 1)  and the heat flow. 

THE DISPERSED PHASE CONTACTOR 

The above equations can be used to predict the output 
&a in the effluent from a continuous flow two-phase con- 
tactor. Let the flow rate of phase (Y be Fa. Then, a macro- 
scopic balance at a steady state, leads to the equation: 

F"Sa(gEa -Po") = w (42) 

(43) 

where 

Sa = diag. ( I ,  1,. . . ,1, p*Cpa)  

is a partitioned matrix containing identity matrix In-1 of 
dimension (n  - 1) and the volumetric heat capacity 
pQCpa on the diagonal. (40) and (42) can be combined to 
give 

3@V m 

FaaV3 
P E a  = g o a  + - [ S " ] - l i  {YC(U) -mY"(a)}-' 

A 

( goc - mGoD) f ( a)  ada (44) 
In the case of a perfectly mixed dispersed system 

A A @v (l-@)v 
(45) t D  = 7C = = - - - 

FD F C  

and the output in each phase can be obtained from (44) : 

Q, 

g~~ = {I,, - [SD] -'Pm} PoD + { [S']-'P}foc (47) 
where 

3: s* 
p = -  {Yc(a) -mYD(a)}-lf(a)ada (48) 

The integral P can rarely be evaluated analytically, and 
is to be done by the use of a digital computer. 

Equations (46) and (47) depict the input-output rela- 
tionships for the concentrations and the temperature in 
each phase for a given continuous steady-flow dispersed 
system. Therefore, (46) and (47) can be used in predict- 
ing the input-output relationships for a multistage system 
with several continuous stirred vessels in series. 

Although the derivation of (46) and (47) is based on 
the assumption of perfect mixing, one can estimate the 
deviations from this ideal situation by taking into account 
the distribution defined by Kernel (8). 

CONCLUDING REMARKS 

A 
au3 

The understanding of the mechanisms of tramp-rt proc- 
esses is essential for the rational design and operation of 
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industrial and biological particulate systems. This may be 
gained in part by constructing models amenable to a 
mathematical treatment. In the present mathematical char- 
acterization of particulate systems we have generalized 
previous works in this field by including such environ- 
mental parameters as temperatures and compositions of a 
multicomponent mixture in addition to dispersed-phase 
holdup volume, particle size and residence time distribu- 
tions which (when known experimentally) describe the 
dependence of the total transfer rates on the operating 
conditions. Subject to the Curie principle ( 3 ) ,  the derived 
set of partial differential equations includes the possibilities 
of coupling effects among the various fluxes involved. A 
simultaneous solution of this set of equations is presented 
in the domain of high dispersed-phase holdup fractions, 
fine dispersions (or suspensions) and presence of adventi- 
tious surfactants. I t  is demonstrated that under this domain 
one can assume that the particles are spherical in shape 
and completely entrained by the continuous phase eddies. 
The result is a characteristic set of linear partial differential 
equations that can be solved analytically for each phase 
by employing integral operators whose kernels are the resi- 
dence time distributions for each phase. The computed 
total transfer rates for simultaneous heat and multicompo- 
nent mass transfer provide the designer with the lowest 
bound of the transfer rates to be expected in continuous 
flow dispersed systems, A knowledge of the average parti- 
cle size, average residence time of each phase, size distribu- 
tion, residence time distribution, mass diffusivities, heat 
diffusivities, (including cross coefficients), interfacial parti- 
tion coefficients, feed stream conditions. dispersed-system 
volume, and dispersed-phase holdup is necessary to arrive 
at a working approximate description of the system under 
study. The proposed method is expected to be useful f y  
describing the behavior of such systems and processes as 
colloids, biological cells, blood, aerosols, mist, cloud dro - 
lets, emulsions, spray drying, capillary-porous bodies ( 4  P , 
and a host of fluid-fluid and solid-fluid contacting systems 
(10) * 
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NOTATIONS 

a 

a, 

b 

A 

A 
a32 

Ci 
c, 

= radius of a bubble, drop, or solid particle in a 

= mean volume radius defined by Equation (39) 

= surface mean radius (Sauter-mean) 
= outer radius of cell model defined by Equation 

= concentration of the ith component 
= heat capacity 

population with size distribution 

(18) 

D)Dt= substantial time derivative 
f ( a )  = a normalized particle size distribution function 
F = flow rate 
g = local acceleration 
I, = n-dimensional identity matrix 
J ( a )  = state vector of the heat and mass transfer fluxes at 

the interface of a typical particle whose radius is a 

Kff(b, t )  = kernel of the integral oDerators defined bv 

m 

M 
n 

Q 
Q" 
P" 
P 

R 
T 

S 

S 
t 
T 
T 
U 
V 
V 
W 

X 
V 

" I  

Equation (6) 
= a diagonal matrix of the partition coefficients de- 

fined by Equations (23) and (24) 
= modal matrix defined by Equation (4)  
= number of components present in the particulate 

= matrix defined by Equation (34) 
= flux of adsorbed surfactants 
= flux of desorbed surfactants 
= matrix defined by Equation (48) 
= radius in spherical coordinates 
= matrix defined by Equations (31),  (32), and (33) 
= defined by Equation (8) .  It is a parameter whose 

magnitude is large enough to make the integral 
(6) convergent 

system 

= diagonal matrix defined by Equation (43) 
= time variable 
= temperature 
= matrix defined by Equations (28), (29),  and (30) 
= matrix defined by Equation (25) 
= local velocity vector 
= total volume of the particulate system considered 
= total average interfacial transfer rate over the en- 

tire population of the particulate system. Defined 
by Equation (38) and denotes an n-dimensional 
vector whose components yield the total average 
heat and multicomponent mass transfer rates 

= matrix defined by Equation ( A l l )  
= state vector defined bv Eauation (A121 . ,  

$(a )  = matrix defined by Equatiin (37) 
Greek Symbols 

- ape aQ" -[,--I ar 
= coefficients in Equation ( A l ) ,  defined by Equa- 

= coefficients in Equation ( A l ) ,  defined by Equa- 

= n-dimensional state vector defined by Equation 

= equilibrium surface concentration of surfactants 
= a measure of the phase shift in Equation (8) 

= average residence time 

= characteristic time parameter defined by Equa- 
tion (8)  

= an n-dimensional state vector with concentrations 
and temperature components defined by Equation 

tion (A6) 

tion (A9) 

(A9) 

(2) 
= volumetric dispersed-phase holdup fraction 
= a measure of the efficiency of mixing defined by 

= viscosity 
= element of p, defined by Equation (17) 
= a matrix defined by Equation (16) 
= the elements of A 
= a diagonal matrix defined by Equation (4) 
= matrix of the transfer coefficients defined by Equa- 

tion (3 )  
= a state vector defined by Equation (14) 
= density 
= transport coefficients defined by equation (3). 

These include the heat and mass diffusivities oij 

( i  = i )  and the coupling coefficients O(I ( i  =!= /) 

Equation (8) 

Superscripts 
a = denotes the homogeneous phase considered 

('a = C, D )  
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( . . . ) T = transposed state vector 
C 
D 

Subscripts 

i, i 
C 
T 
E = a t  effluent stream 
o = initial (feed) condition 

Special Symbols 

< > 

= refers to the continuous phase 
= refers to the dispersed phase 

= refer to component i or j of a n  n-dimensional 

= refers to concentration field in a binary system 
= refers to temperature field in a binary system 

state vector 

A 
expected values over K “ ( F ,  t )  
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APPENDIX 

The ordinary differential Equation (15) is solved here by 
employing the boundary conditions ( 19) to ( 2 2 ) .  For the dis- 
persed phase, the general solution of (15)  is 

+ yiDsinh ( p i D r ) }  ( i  = 1 , 2 , .  . . , n )  ( A l )  
from (19)  we get that PiD = 0, so that ( A l )  takes the form 

Similarly for the continuous phase, the general solution for (15)  
can be given as: 

1 
tic = [ioC + - [pic cosh {pic ( T  - b ) }  

T + ric sinh {pic ( r  - b ) } ]  (A3) 
From (A2) and (A3) 

dPiC Pic - = -[pier sinh {pic(  T - b ) }  - cosh {pic( r - b ) } ]  
dr r2 

ric 4- - r2 ~ ~ ~ C r ~ ~ ~ h { ~ ~ C ( ~ - b ) } - s i n h { p ~ C ( r - b ) } ]  (A5) 

From (20)  and (A5) 

pic = piCbr iC (‘46) 

Combining (A3) and (A6) 

sic = .bC + ( ~ C / T )  [pi% cosh {p ic (  r - b ) }  

Or, 
+ sinh {p ic (  r - b)}] 

Similarly (A2) can be written as: 

1 
< D =  roD + -TD(r) yD (AS) 

T 

where 

y “  = (Yl“, YZ“, * . . Y n a ) T  (A91 

By substituting for <a from (A7) and (A8) into the bound- 
ary condition (21 ), we can solve for ya: 

yc = ay + XyD 

X = [Tc(a)]-’  U [ T D ( a ) l  

(A101 

( A l l )  

y =  [ T C ( a ) l - l M C  ( m ~ o D - ~ o C )  (A12 1 

where 

From (A5) and (A6) we get 

where 

Ric(T) = p i ~ b [ p ~ ~ r s i n h { ~ ~ ~ ( r - b ) } - c o s h { p ~ ~ ( r -  b ) } ]  

4- ~ ~ i c r c o s h { p ~ C ( r - b ) } - ~ i n h { p ~ c ( r - b ) } ]  (A14 

Boundary condition (22)  can be rewritten as: 

By substituting (A4) and (A12) into (A15), and making use 
of (A9),  we finally get: 

YD = a { [QC] -1 QD - X}-1 y (A161 

yC=a{I,-X[QD]-1QC}-ly ( A17 1 
so that 1;“ can be found explicitly as: 

qD = SoD + (4) TD( r )  { [QC] -1 QD - X}-1 y (AM) 

<“ = qOc + ( ~ ) F ( T )  {In-XIQD]-’QC}-ly (A19) 

(A18) and (A19), when combined with (13) ,  yield the ex- 
pected concentrations and the temperature profiles in both 
phases. 
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